POLISH ACADEMY OF SCIENCES %F | _.-'{:]EC}M oD
GEOTECHNICAL DIVISION 7 ) Haute ol ding . Fribou

Probabilistic approaches applied to
geotechnical finite element analyses

April 8th, 2021




Outline

* Motivation: analytical and FE analysis of the stability of a vertical cut
* Uncertainty propagation, sensitivity and reliability analyses

* Example 1: 2D analysis of an excavation in urban environment
 Example 2: 3D settlement analysis of a concrete foundation

* Example 3: inverse analysis applied to a tunnel excavation in Paris

* Conclusion and perspectives

Polish Academy of Sciences %3 JGEOMOD G
Geotechnical division " AN Hautebact dings N—




Motivation: analytical and FE analysis of the
stability of a vertical cut

* Uncertainty is common in geotechnical engineering: the value of a
given soil parameter (cohesion, friction angle, elastic modulus) is
usually not known exactly, and it varies in space

* The common use is to test a small amount of samples at some
locations, take the mean value of the set, carry a deterministic
analysis and use (partial or global) "safety" factors in order to stay on
the safe side. However, it doesn't give much insight into what the

actual risk can be

* In reality uncertainty is present everywhere, in the assumptions
made, in the timing of construction, in the geometry, in the material
parameters, in the loads, and in the FE approximation
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Motivation: analytical and FE analysis of the
stability of a vertical cut

* Assume we analyze the stability | .. ... e (Broere, 2002]
of a H =4 m high vertical cut in a

htan o

purely cohesive medium
 Assume deterministic material b
parameters y = 20 kN/m?3 and |
c = 30 kPa, constant over the Figee 1. Defstion o foreson nanguts Fee by
domain for 2 prrely cobesive maesial it cobesion ¢ and fromthe fat o cuatinen
e e e

* We get SF = h_/H equal to 1.50, = @

for a given slope . Failure will occur for that value of o for which & 15 mun-

a p p rOX I m ate |y imal, or ot =45°. The ecritical height /i, 15 then found as

4c =
Jil.fc = "_.r (}j
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Motivation: analytical and FE analysis of the
stability of a vertical cut

[ ]Histogram of ¢ with COV,. = 25%
= PDF of ¢ with COV, = 25%

* Assume next that there is some [ \\
uncertainty associated with c / \
which varies around its mean ’
value, with a coefficient of
variation COV = 25% |

* If we repeat the safety analysis o
500 times with c varying randomly I =
according to some credible '; AN .
statistical distribution (here ST
lognormal), we will get a non / \
negative distribution of SF values, :
with mean p close to 1.50 / f
0 L1 1 L L - ; x =
0 0.5 1 1.5 i [7] 2 2.5 E 3.8
Polish Academy of Sciences E ‘ '-'GEOMDD A
Geotechnical division %, 4 e



Motivation: analytical and FE analysis of the

stability of a vertical cut

* The standard deviation in the output
distribution of SF is a result of the
uncertainty in the input value c. It is
zero in the deterministic case and
increases with uncertainty

* The probability of failure Pf that SF is
smaller than 1.0 can then be
computed by numerical integration of
the PDF (probability distribution
function) of SF between 0 and 1, as
illustrated

* Also, a Monte-Carlo type procedure
leads to Pf = #(SF<1) / #total

Polish Academy of Sciences
Geotechnical division

Frequency

.
¥
=
&
v

|
al.

‘;GEOMDD UQLab




Motivation: analytical and FE analysis of the
stability of a vertical cut

* The same example can be
treated with a numerical

approach, using the ZSOIL finite otr-Coulomb matral
element software, with the c= i
same Monte-Carlo approach on (= 10WPa,v=0.3)
500 samples | I
* Note the good agreement A
between analytical and ~
numerical PDF
* As a result, Pf(numerical) = 5.6%,
close to Pf(analytical) = 6.2%

0 5 15 2 25 3 3.5
SF [-]
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Motivation: analytical and FE analysis of the

stability of a verticalcut .

m of ¢ with COV, = 25%
0.09 Histogram of ¢ with COV, = 15%

0.08 -

* If we vary the standard deviation

value of c (say COV = 15%

instead of 25%), the resulting SF

distribution will vary
* As a consequence, Pf will also o

vary, even though the mean o N =

value for SF will remain close to AN

SF=1.50 i

) 15 SF.H 2 25 3 3.5
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Motivation: analytical and FE analysis of the
stability of a vertical cut

when SF tends to 1,

* If we vary next both the mean and the Aatii-wiyiriie For n(c) = 30 kPa with
COV of ¢, both the mean and the COV the integral of the i oge
of SF will vary, and as a consequence, the peak /

Pf will vary as a function of SF

* Itillustrates the fact that to achieve
simultaneously acceptable values for =
SF, say SF > 1.50, and Pf, say Pf < 1e-3,
uncertainty must be limited =

I I — 1
—A—COV, = 0.05|]
COV. = 0.08|

)

* This may lead to additional testing ,
e.g. or to a feedback procedure during
construction

* Both SF and Pf are therefore of D

interest to civil engineers
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Uncertainty propagation, sensitivity and

reliability analyses

Deterministic analysis (or semi-probabilistic)

Input variables (*) Model Results (+)
- - equation, ‘
X=Xy, X, ..., X, MEF, etc. Y=Y,Y, .., Y, =f(X)

(*) for example: cautious values for cohesion, friction angles, moduli of elasticity, groundwater
table, loads, unloading rate etc.
(+) for example : a safety factor, the displacement of a given point, the bending moment in a

J .

retaining wall etc. Probabilistic analysis
) &
[ ]|
Probabilistic input Model
variables (°) - - equation,
FEM, etc.

Results: Y = f(X)

deviation Y (u, o)

JACN/AV

#

(°) represented by probability distributions (normal, lognormal,

Gumbel, etc.) with mean p and standard deviation o

Polish Academy of Sciences %

HETRUC TR S

Geotechnical division = 4

[ITT113

JGEO

cole d'ingénier

reliability index 3

1. Mean and standard

2. Probability density

Ve I

3. Probability of failure Pf or




Uncertainty propagation, sensitivity and
reliability analyses

 Sensitivity analysis aims at
describing how the variability of

Total Sobol' Indices

the output is affected by the T T T T T T T T
variability of each input variable o)
* Various methods, among them
Sobol’ indices = | _
e Useful to help the engineer ol _
focus on the most impactful
parameters ° El E2 P1 P2 P3 P4 P5 P6 Al A2
[www.uqglab.com]
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Uncertainty propagation, sensitivity and

reliability analyses

 Reliability analysis aims at finding the probability of failure (Pf) of the
model given a tailure function g(X)

* Examples:
e g(X)=SF-1.0<0
e g(X) = threshold — settlement < 0

 Various algorithm exist to compute Pf (MCS, FORM, SORM, ...)

e Can lead to large calculation time depending on the method chosen,
especially for numerical modelling

* So... need for meta-models!
* Adaptive Kriging-Monte Carlo (AK-MCS) is the most efficient if we’re interested in Pf
only (and not the PDF)
* The polynomial chaos expansion (PCE) method is also of big interest
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Example 1: 2D analysis of an excavation in
urban environment

Subsoil Run analysis Results

Settings

e 30
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Example 1: 2D analysis of an excavation in
urban environment

Normal displacement 0.0 Bending moment Normal force Shear force

at the end of stage Normal displacement envelope :
— . TN | 1
0.0 7.73 81.9 :
/ / / - 4

251 / | ' /Z | / ] |

[ -5.0 7 7 __7 L 110.6
_ / / | / / | P UnE Ha33 1] L]
5.0 // 7 , = | > [ | LL , ,J_

| : J |
| I / | -7.5 7
AV ( i IR (158.3 f j j j‘j[
| - -333.3 ! !

100 | -29.06 oo [

N N ] N
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RERVEERS gee)
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| ij—r

N N
7 175 1= 7
=20 0 -20 0 |
uy [mm] ux [mm] 9 o © 9 © o Q
» a® N >
— t=5.0[day] —— t=35.0[day] —— t=65.0[day]
—— t=25.0[day] M [kNm/m] Nx [kN/m] Qy [kN/m]

Polish Academy of Sciences %E ‘ _;éEOMbD ”
GeOteChnlca| leiSIOﬂ P ¥ i’ ll-u.'--.1.'.c-!--:l-'--|---'-.-'.'--':"'.l"--::ur--lr bezaung :



Example 1: 2D analysis of an excavation in
urban environment

e Interface ZSWalls-UQLab ’

* E1 Young’s modulus of the first —
soil layer: type = Loghormal, - | p—
mean = 30 MPa COV = 20% ]

* E2 Young’s modulus of the 2nd
soil layer: type = Lognormal,  E—

e Limit state: ux > 40 mm

e |llustrate AK-MCS vs. PCE
metamodels

Soil

g e
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Example 1: 2D analysis of an excavation in
urban environment

e AK-MCS method combines a
Monte Carlo simulation with
adaptive built Kriging meta- 22500
models to search points that lie 20000,
close to g(X) = 0, reducing the 17500,
total computational cost 2 0%
12500+ g(x) .0

* Here: 10 + 10 = 20 runs yields 10000
Pf(g(X) < O) =0.12 7500\(:()\0’\\
i g <

20000 30000 40000 50000 60000
X1 [www.uglab.com]

AAAAAA - Experimental design
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Example 1: 2D analysis of an excavation in

urban environment &
* PCE method consists in runninga
reasonable number of FEM
simulations (between 10 and 100)
and then, based on these -
simulations results, create a e s raax
polynomial series which |
approximates the FEM

* Once this meta-model is built, it is VP =Y ya
easy to run a large number of s
calculations in a minimal time and [www.uclab.com]
thus the use of the MCS method is i A3
again possible within a reasonable
calculation time con
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Example 1: 2D analysis of an excavation in
urban environment

F"JIr comparison for g(X) = 40 mm — UX.

Analysis type

Nr. of samples

fLon

lehr‘tﬁhﬁhﬂ = 40 mm

Numerical MCS
Numerical AK-MCS
Numerical PCE MCS
Numerical PCE MCS
Numerical PCE MCS
Numerical PCE MCS

500

30
100000, built on 10
100'000, built on 50
100'000, built on 100
100'000, built on 100

2.588e-4
5.645e-5
1.452e-5
2.469e-5

1.1600e-1
1.1923e-1
1.1158e-1
1.1722e-1
1.1745e-1
1.1754e-1
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Comparison of AK-MCS and PCE50 for Py = P(UX > 40 mm)
1 1 1 1

PCE50: Failure domain
PCE50: Safe domain
—s(X)=0
+ gX)>0
H gX)<0
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Example 2: 3D settlement analysis of a
concrete foundation

-4.250e-02

* The settlement of 2 96 x 102 m concrete

foundation raft that supports a 53'725 W’jmiﬁ!!
squared meters business center to be -
constructed in the Geneva region in saturated iz
soft silty clays is analyzed here | =

« A 3D coupled finite element model is = o

¢

-2.337e-02

constructed with ZSOIL, composed of approx.
60’000 3D brick element (one run = 1 hour)

* The HSS-Brick constitutive model is used in
order to represent the soil’s behavior with
probabilistic variables E, ¢, ¢ defined below

* Uncertainty is also introduced on loads q
e Limit-state: g(X): 50 mm — uy(max) <0

-2.125e-02

5

-1.912e-02
-1.700e-02
-1.487e-02
-1.275e-02
-1.062e-02

-8.500e-03

Variable Description Distribution [Lower bound, Upper bound] W
E Young's modulus of soft silty clay Lognormal [6'000 kPa, 8000 kPa) ! !!9!!
c Cohesion of soft silty clay Lognormal [5 kPa, 9 kPa] M
¢ Friction angle of soft silty clay Lognormal [24°, 267] e UNIT
q Multiplication factor of the loads Gumbel [0.9, 1.3] ﬁﬁéﬂgﬂfﬁu?l';y,DﬁS?fiﬂfg}f;; i)
ZSO0IL 20.06 License : GEOMOD Project : block04-Eradx16  Date : 18.1.2021 12:37
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Example 2: 3D settlement analysis of a

concrete foundation

0.8

0.6

Tot
S;

0.4

0.2

Sensitivity analysis

Total Sobol’ indices
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Reliability: Pf = 0.019

Comparison of AK-MCS and PCE50 for Py = P(UX > 50 mm)

1.3F L » PCE50:Safe domain i

1.95 F g et oo e PCE50:Failure domain J
' : . —8(X)=0
* efet o " 4 gX)>0

12L . : g(X) |

1.15

0.85

e AT m g(X) <0
. pu s ° o 50 samples to build the PCE

rad
)

¥

5500 6000

&

TETRUC T

6500 7000 7500 8000 8500
E [kPal
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Example 3: inverse analysis applied to a
tunnel excavation in Paris

e Extension of L14 between
Maison-Blanche and Olympiades

* New station + 150 m tunnel

* What is at stake:
* Tunnel design stability
* Swelling in plastic clays

* Limit settlements on surrounding
buildings: threshold =5 to 10 mm

e g(X) = threshold - settlement <0

Projet : couloir de liaison

Métro Ligne-7
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Bayes theorem

* How can we update a prior probability that a hypothesis H holds,
based on evidence E?

P(HIE) = P(H)-P(E|H) _ P(H) - P(E|H)
B P(E) ~ P(H) -P(E|H) + P(=H) - P(E|=H)
_ o Prior probability - Likelihood
Posterior probability = :
Evidence
S Bl T a



Bayes theorem

* Example: | have a runny nose, and | have tested positive to CoVid (test
Is know to be 80% accurate). What is probability that | really have
CoVid-19, given that 5% of tested people actually have CoVid?

P(Cov)-P(+|Cov) 0.05-0.80
P(Cov|+) = =
P(Cov)-P(+|Cov)+P(~Cov)-P(+|~Cov) 0.05-0.80+0.95-0.20
P(Cov|+) = 17%
Polish Academy of Sciences %g | }GEOMDD .
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Bayes theorem

* Application to geotechnical engineering: update the prior probability
that S > T, given a new measurement M

P(S>T)-P(M|S>T)
P(M)

P(S>T|M) =

* Remark: not straightforward... we need to use Bayesian inference,
that is updating the model’s input parameters, given a result (output)

Polish Academy of Sciences %E _;.ff:;éombn
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SOIL DATA

60
I 50 i
50 - I % 0 J
a5 Zx ]
40 - | &
35 - 1
£ 30 - I o
Z 25 - | 0
c 500 600 700 800 900 1000 1100 1200 13.00 1400 1500
2 20 - I Elastic modulus [MN/m?2]
15 -
10 - |
5 4
0 i T T T T t T T r - r - - d
0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10 0.11 0.12 0.13 0.14 0.15
Settlement [m]
Prior == In situ measurement
50
45 +
40 -
35 4
£ 30 -
>
E 25 +
a 20
=)
15 -
I 10 -
5 -4
I 0 - - - - - : . . : \ - - - -
0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10 0.11 0.12 0.13 0.14 0.15
I Settlement [m]
Prior Posterior Limit
-
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Example 3: inverse analysis applied to a

tunnel excavation in Paris

* Compute the prior estimate PDF
for the building settlement at
section S2 with original input
distributions for E (400 MPa,
COV = 25%) and A (0.4, 25%)

e For this, we use a PCE
surrogating the FEM on 200
samples

* The prior probability that the
existing building settlement at
S2 exceeds 5 mm is P¢ = 2.52%
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Example 3: inverse analysis applied to a

tunnel excavation in Paris -~ =

* Compute the prior estimate PDF _/\

of the surface settlement at

section S1, with original input
distributions

400 T
1
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Example 3: inverse analysis applied to a

tunnel excavation in Paris

e Assume we measure a4 mm
settlement at section S1, after
excavation of the tunnel

* We can use this measurement as
an “evidence”, in order to
update the PDF of the o
probabilistic input variables E

\

and A

T I
e PDF (prior) A = LN(0.4,25%)
——PDF (post) A = LA/(0.41, 14.7%)

0.6 0.8 | 1.2

| I |
=—PDF (prior) I = LA(100000,25%) |
/\— PDF (post) E = LA(374000,24.9%)
1 1 L
2 4 8 10 12
<10°
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Example 3: inverse analysis applied to a
tunnel excavation in Paris

* Computing the PDF for the
building settlement at section S2
with updated input distributions

leads to a posterior probability
that the existing building
settlement exceeds 5 mm P =
0.17% (prior was 2.52%)

Nbr of occurences
w

* The influence of the COV of the
unloading on the probability of
failure is here determinant
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Conclusion and perspectives

* In geotechnical engineering,
sensitivity and reliability analyses
give us insight on what the actual
risk is

Deterministic analysis: useful, but

not enough, given the uncertainty
on the input

Inverse analysis (Bayesian _
approach) helps us refine our prior
estimates into posterior ones

e Taskgroup now working on
guidelines for using probabilistic
methods within the new EC7
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* Current work @GeoMod & @HEIA-
FR: interfacing ZSOIL and UQLab
random fields (spatial variability5,
reliability-based design
optimization

* There is a course given @HEIA-FR
(or via Zoom), next edition is
Thursday, November 18th, 2021

* Interested? Send us an e-mail!
stephane.commend@hefr.ch or

iInfo@geomod.ch
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Conclusion and perspectives

*THANK YOU FOR
YOUR ATTENTION...

*QUESTIONS?
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